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Abstract— In this paper, we present a survey of the spanning trees. The general properties of spanning trees, algorithms for
generation of all possible spanning trees from a graph and minimum spanning tree algorithms are discussed in this paper. The
purpose of this study is to give fundamental details on the spanning trees and related work done based on their application
domains. The application domains include computer networks, bio-informatics, image processing etc. It is found that research

related to spanning trees can be related to the area of graph mining.
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l. INTRODUCTION

Graph theory has many applications in the field of computer
science. Finding Minimum spanning trees of a graph,
Hamiltonian circuit has direct application on many real world
optimization problems. Many algorithms exist to find out the
set of all possible spanning trees from a given graph. Prim’s
algorithm and Kruskal’s algorithm are the two standard
algorithms based on greedy technique to identify the
minimum spanning tree from a graph.

It is understood that, there are very few algorithms for
generating spanning trees from more than two graphs
simultaneously. There is a need for algorithms which can
handle more than one graph simultaneously because of the
application domains of the spanning trees. In this paper, we
present a survey on the spanning trees. The paper is
organized as follows. In Section 2, terminologies and
notations used properties of the spanning trees, mathematical
theorems and formulas related to spanning trees are
discussed. A study on the algorithms for generating all
possible spanning trees and minimum spanning trees are
presented in Section 3. A discussion on the different
application domains of spanning trees in presented in Section
4. Conclusion and the possible research directions based on
spanning trees are presented in Section 5.

Il.  TERMINOLOGY
Graph: Graph is a collection Vertices and edges. G=<V, E>.
Spanning Tree: Spanning treesare special subgraphs of
a graph. A spanning tree of a graph G is a subset of G, which
has all the vertices covered with minimum possible number
of edges. So, a spanning tree is a connected, acyclic graph
with minimum number of edges.
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Complete Graph: A Graph in which there is a path from each
vertex to every other vertex is a complete graph.

Connected Graph: A connected graph is simply a graph that
necessarily has a number of edges that is less than or equal to
the number of edges in a complete graph with the same
number of vertices.

Tree: A connected graph is simply a graph that necessarily
has a number of edges that is less than or equal to the number
of edges in a complete graph with the same number of
vertices.

Minimum spanning tree: A minimum spanning tree for an
unweighted graph G is a spanning tree that minimizes the
number of edges. A minimum spanning tree for a weighted
graph G is a spanning tree that minimizes the edge weights.

I1l. PROPERTIES OF SPANNING TREES

A connected graph G can have more than one spanning tree.
All possible spanning trees of graph G have the same number
of edges and vertices.

The spanning tree does not have any cycle (loops).

Spanning tree is minimally connected.

Spanning tree is maximally acyclic.

Spanning tree has n-1edges, wherenis the number of
vertices.

From a complete graph, by removing maximume - n +
1 edge, we can construct a spanning tree.

A complete graph can have maximumn “2) number of
spanning trees.
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Graph G1
Figure 2. Graph G2
Adjacency matrix of the given Graph is
0o 1 1 1
S1 S2 1 0 0 1
1 0 0 1
11 1 ©
Replacing all the diagonal elements with degree of the
corresponding vertex
53 s4 31 11
1 2 0 1
10 2 1
1 1 1 3
Replacing all the non-diagonal elements that 1 with -1
3 -1 -1 -1
S5 S6
12 0 -1
Fig. 1 Graph G1 and its all possible spanning trees S1, S2, S3, S4, S5, S6
10 2 -1
A. Total number of possible spanning trees from a Graph
-1 -1 -1 3

Kirchhoff’s matrix tree theorem
. . . Finding the Co-factor of any element in the above matrix
The total number of possible spanning trees from a graph is

iven by Kirchhoff’s matrix tree theorem. It is calculated as . . .
g y Rirchholl's Co-factor of 3 is the determinant of the matrix

below.

STEP 1: Create Adjacency Matrix for the given graph. 20-1
STEP 2: Replace all the diagonal elements with the degree of 5
nodes. For eg. Element at (1, 1) position of adjacency matrix 02-1
will be replaced by the degree of node 1, element at (2, 2) 113

position of adjacency matrix will be replaced by the degree
of node 2, and so on.

STEP 3: Replace all non-diagonal 1°s with -1.

STEP 4: Calculate co-factor for any element.

= 2(2x3 — (-1) (1)) -0(0x3 — (-10(-1)) -1(0x -1 — 2x (-1))
=2(6-1)-0-1(0+2)

STEP 5: The cofactor of any element in the matrix is the f2(5)-0-1(2)
same and that is the total number of spanning trees for that :20-0-2

graph.
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Hence, the total number of possible spanning trees for the
given Graph is 8.

Cayley’s Formula

The total number of possible spanning trees from a graph can
be calculated based on Cayley’s formula in Graph theory. It
states that the number of different possible labelled trees with
n vertices is n ">

Figure 3. A Complete Graph G and its all possible spanning trees a ,b ,c

Number of vertices in the Graph n =3
Total number of possible spanning trees is n "* = 3 **

IV. SPANNING TREE ALGORITHMS

Spanning tree algorithms are of two categories. Algorithms
that generate all possible spanning trees of a Graph and
algorithms that generate the minimum spanning tree.

A. Algorithms for generating all the Spanning trees from a
Graph

Many problems in science and engineering can be formulated
in terms of graphs. There are problems where spanning trees
are necessary to be computed from the given graphs.
Connected subgraph with all the nvertices of the
graph G(V,E), where |V|=n, having exactly of n(n-1) edges
called the spanning tree of the given graph. The major
bottleneck of any tree generation algorithm is the
prohibitively large cost of testing whether a newly born tree
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is twin of a previously generated one and also there is a
problem that without checking for circuit , generated
subgraph is tree or non-tree. This problem increases the time
complexity of the existing algorithms.

In 1975, Read and Tarjan, proposed a backtrack algorithm
for listing Spanning Trees. The algorithm proceeds by
avoiding generation of subgraphs that may not lead to a
spanning tree.

Gabow & Myers in 1978 proposed an algorithm for finding
all spanning trees (arborescences) of a directed graph [9]. It
uses backtracking and a method for detecting bridges based
on depth- search. The time required is O (V + E + EN) and
the space is O (V + E) , where V, E, and N represent the
number of vertices, edges, and spanning trees, respectively.
If the graph is undirected, the time decreases to $O (V + E +
VN), whichisoptimal  to within a constant factor.

Enumeration of spanning trees of an undirected graph is one
of the graph problems that have received much attention in
the literature. In 1986, Winter and Pawel developed an
algorithm based on the idea of contractions of the graph [21].
The worst-case time complexity of the algorithm is O (n + m
+ nt ) where n is the number of vertices, m the number of
edges, and the number of spanning trees in the graph. The
worst-case space complexity of the algorithm is O (n 2).

On the other hand, Matsui in 1993 developed an O (N V +V
+E) time and O (V +E) space algorithm for enumerating all
spanning trees explicitly, by applying the reverse search
scheme [15]. Reverse search is a scheme for general
enumeration problems. For outputting all the spanning trees
explicitly, this algorithm is optimal.

Shioura & Tamura in the year 1995 considered the problem
of enumerating all spanning trees of G [21]. In order to
explicitly output all spanning trees, the output size is of
O(NV), where N is the number of spanning trees. They
proposed a new algorithm for representing the output in a
compact form. According to this the output size can be
compressed into O (N) size. The algorithm is optimal in the
sense of time complexity.

In 1995, Kapoor and Ramesh proposed an algorithm for
generating all spanning trees from undirected and weighted
graphs [11]. The O (N +V +E) time and O (V E) space
algorithm adopted the “compact' output, which is optimal in
the sense of time complexity.

Matsui and Tomomi in 1998 proposed an algorithm for
finding all the spanning trees in undirected graphs [17]. The
algorithm requires O (n + m + on) time and O (n + m) space,
where the given graph has n vertices, m edges and o
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spanning trees. This is an optimal algorithm to output all the
spanning trees explicitly.

Again, Kapoor and Ramesh, in 2000 presented an O (NV +
V) time algorithm for enumerating all spanning trees of a
directed graph. This improves the previous best known
bound of O (NE + V+E) when V?=0 (N), which will be true
for most graphs. Here, N refers to the number of spanning
trees of a graph having V vertices and E edges. The algorithm
is based on the technique of obtaining one spanning tree from

another by a series of edge swaps.

Burcu Bozkurt and Durmus Bozkurt in 2014 established
some bounds for the number of spanning trees of connected
graphs [3]. It was in terms of the number of vertices, the
number of edges, maximum vertex degree, minimum vertex
degree, first Zagreb index.

An Algorithm to Generate All Spanning Trees of a
Connected and Undirected Simple Graph using divide and
conquer approach was proposed by Chakraborty, Maumita &
Hazra, Goutam & Pal, Rajat in 2017 [4].

B. Algorithms for finding minimum spanning tree of a
Graph

There are several greedy algorithms for finding a minimal
spanning tree M of a graph. Kruskal’s and Prim’s
algorithms are well known. Kruskal's algorithm proceeds by
adding shortest edge one at time, in such a way that it does
not form a circuit with edges already in it. In Prim's
algorithm, the spanning tree generation begins by choosing a
shortest edge. In each step a shortest edge between a vertex
in the generated tree and a vertex not in it is added until the
tree has n-1 edges.

Although both are greedy algorithms, they are different in the
sense that Prim's algorithm grows a tree until it becomes the
MST, whereas Kruskal's algorithm grows a forest of trees
until this forest reduces to a single tree, the MST. The
disadvantage of these algorithms is that they may not give
the best solution always.

V. APPLICATIONS

A. Network design

Minimum spanning trees are useful in applications like

telephone, electrical, hydraulic, TV cable, computer, road
network design. One standard application can be a problem
like phone network design. If a number of offices are to be
connected using leased lines and the phone company charges
different amounts of money to connect different pairs of
offices depending on the difficulties involved in laying phone
lines. Then the telephone network that has to be installed can
be a minimum spanning tree.
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B. Cluster Analysis

K clustering problem can be viewed as finding a Minimum
spanning tree and deleting the k-1 most expensive edges.

C. Brain Network Analysis

Analysis of the minimum spanning tree is useful in the
comparison of  brain networks. The advantage is that, it
avoids methodological biases. Even though the minimum
spanning tree does not utilize all the connections in the
network, it still provides a, mathematically defined and
unbiased, sub-network with characteristics that can provide
similar information about network topology as conventional
graph measures.

D. Data Storage of Amino acids in Protein Structure:

A clustering method based on Minimum Spanning Tree-
based was proposed by Karthikeyan et al., in 2012[7].
Firstly, the N x N distance matrix is constructed, where; N is
the number of proteins in the dataset. Then the complete
graph is constructed from the distance matrix. In the
complete graph each node is associated with a single protein
to be clustered. The distance of the protein from all the
remaining proteins in the dataset is calculated using
Euclidian distance method. Minimum Spanning Tree is
constructed from the complete graph using Prim’s algorithm.
The weight of each edge in the Minimum Spanning Tree is
the distance between the connected protein nodes. This
minimum spanning tree is used for clustering the proteins.

E. Broadcasting in Computer Networks

In Ethernet network, information is broadcasted to all the
nodes in the network using Spanning tree protocol. In large
computer networks, it is useful in constructing trees for
broadcasting information to all the nodes in the network.

F. Other Applications

There are many other applications were information on the
minimum spanning tree or the set of all possible spanning
trees are useful of the input network data set is useful. Image
registration and segmentation, Curvilinear feature extraction
in computer vision, Handwriting recognition of mathematical
expressions, Circuit design: Regionalization of socio-
geographic areas, the grouping of areas into homogeneous,
contiguous region, Comparing ecotoxicology data, max
bottleneck paths , LDPC codes for error correction, learning
salient features for real-time face verification, reducing data
storage in sequencing amino acids in a protein, model
locality of particle interactions in turbulent fluid flows , auto-
config protocol for Ethernet bridging are some examples.

VI. CONCLUSION AND FUTURE SCOPE

In this paper, we have discussed on the characteristics of a
spanning trees. Mathematical theorems and formulas related
to spanning trees were discussed. A study on the existing
algorithms (i) for generation of all spanning trees (ii)
minimum spanning trees is presented. Spanning trees and
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also minimum spanning trees are useful in many application
domains. Existing algorithms were focused on the generation
of spanning trees from a single graph or at most from two
input graphs simultaneously. Design of algorithms that can
generate all possible spanning trees or minimum spanning
trees from a set of input graphs can be taken for further
research. In this paper, we have discussed on the
characteristics of a spanning trees. Mathematical theorems
and formulas related to spanning trees were discussed. A
study on the existing algorithms (i) for generation of all
spanning trees (ii) minimum spanning trees is presented.
Spanning trees and also minimum spanning trees are useful
in many application domains. Existing algorithms were
focused on the generation of spanning trees from a single
graph or at most from two input graphs simultaneously.
Design of an algorithm that can generate all possible
spanning trees or minimum spanning trees from a set of input
graphs can be taken for further research. This work can
provide the fundamental information required for extending
the research in the area of graph mining or pattern mining to
mining of spanning trees.
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