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Abstract— Graph labeling is the mapping of graph elements like vertices or edges or both to set of integers under some
conditions. In a binary labeling to vertices, if we assign the edge label as the difference of the label of end vertices and if the
difference of the number of vertices with label 0 and 1 and difference of edges with label 0 and 1 is at most 1, then the labeling
is cordial labeling. If the mapping is a one to one mapping from the vertices to the labels from {1, 2, ..., p}, where p is the
cardinality of the vertex set, edge label as in the cordial labeling and if the difference of the number of edges labeled with 1 and
not labeled with 1 is at most 1, then the labeling is difference cordial labeling. Neighborhood difference cordial labeling is a
variation of difference cordial labeling, if the difference of the number of edges labeled with 1 and not labeled with 1 at each
vertex is at most 1 then the labeling is neighbourhood difference cordial labeling In this paper we investigate the
neighbourhood difference cordial labeling of honey comb network, butterfly network, benes network and grid network.

Keywords— Honey comb network, butterfly network, benes network, grid and difference cordial label.

l. INTRODUCTION
Cordial labeling was established by Cahit [1] in 1987 and
Ponraj et al [2] introduced difference cordial labeling of a
G(p.q) graph in 2013 and discussed about the difference
cordial labeling of path, cycle, complete graph, star,
complete bipartite graph, bistar, wheel, fan, gear graph, web
graph and helm graph. In 2015 Seoud and Salman [3]
studied difference cordial labeling of various types of ladders
and one point union of graphs. Xavier et al [5] initiated the
study of neighbourhood difference cordial labeling of graphs.
In this paper we are going to discuss about neighbourhood
difference cordiality of few networks.

Il. PRELIMINARIES

Definition 1: A honey comb network HC () of size n is

obtained from HC(n — 1) by adding a layer of hexagon

around the boundary of HC{n— 1), where HC(1} is a
hexagon.
Definition 2:[4] The n dimensional butterfly network,

denoted by BF(n) , has a vertex set
V={{xikxeV(Q,)0=i=n Two vertices
(x; 1) and (v; J) are linked by an edge in BF(n) if and
only if j = i + 1 and either

(i) X=yor

(ii). x differs from y in precisely the j™ bit.
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Forx = ¥ , the edge is said to be a straight edge . Otherwise

the edge is a cross edge. For fixed i the vertex (x;i)is a
vertex on level i.

Definition 3: The n dimensional benes network BB (n)
consists of back to back butterfly network and it has

2n+ 1 levels, (2n + 1)2" vertices and 12" ¥ edges.
Definition 4: Cartesian product of G X H of graphs & and
H is a graph with vertex set V{(G) % V(H) and two
vertices (1, 77) and (u4,7) in G X H are adjacent if
U =1, and ¥ isadjacentto ¥’y inH orv =15 and it is
adjacentto iy in G.

Definition 5: A path is an alternating sequence of distinct
vertices and edges.

Definition 6: Let B, denote the path on n vertices. For
m,n = 2, B, X E_ is defined as the two dimensional grid
with m rows and n columns and is denoted by M,....... Any
vertex in i row and j" column is denoted by V;;.

Definition7: Difference cordial labeling: Let G (p.q) be a
graph. Let f:V(G) = {1,2,3...p} be a function. For
each U’ assign the label |f () —f(i’]| f is called
difference cordial labeling if f is one to one and the absolute
difference of number of edges labeled withl and edges not
labeled with 1 is at most 1. Any graph with difference cordial
labeling is called difference cordial graph.
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Honey comb coordinate system: The coordinate systtm  \when j is
honey comb network is as given below even

‘f [”k;] -f (”{Hl)(;‘-l)“

= (3nf—Z(4n—(z;—1]+;)

- (3nf—Z[4n—(zi—1)+j—1) =dn-2k+1)

=1

When j is odd
|f(”k;‘) _f[v(k—l)‘:jﬂ))‘
Fig 1: Coordinate system of HC (2) = (3n: _Zk:[4n_ (2i-1) +J)
Neighbouryhood difference cordiarl labelling: i;_ll
o0l e O 1 LORION S

each edge uwv assign the label |f{u) — F()| . fis called a
neighbourhood difference cordial labeling if f is one to one
map and for every vertex v, lef, (1. where ‘e,ﬂ.k__ (1) — eka__,»[,3,| =1
d 4
gf-; (1) and f, (07 denote the number of edges incident Aty 2<j<4n—2
with v, labeled with 1 and not labeled with 1 respectively. A B 12k — (1YL D (2?1 i 1 1Y =
graph with neighbourhood difference cordial labeling is F(tsy) = o) = 130" (4 = 1) ) = (30" = (n=1) £ 1) =1

called neighbourhood difference cordial graph. When J is even

|F(vyy) = F(vyjogy)| = 130" = (4n = 1) 4 /) - (302~ (40— 1) - (4n-3) 4] - 1|
Theorem 1: Anyhoney comb network HC(m) s =(4n-4)
neighborhood difference cordial graph. When J is odd

Proof: A honey comb network of size n HC(n) has ‘f(i’1;)‘f(”(—1}j)‘ = |(3n% - (4n—1)+j) - (3n2 +))| = (4n—1)
61" vertices and 91 — 31 edges.In that &1 vertices of .

gom o lef,,, (D= efy 0] =1
degree 2 and 61 67 vertices are of degree 3. 1 1t

Let V = {v, , v, 15, . 13y } Case 2: When k is negative
Define f:V — {1,2,3, ..., 6n%} flocp;j=3n*+j.1=j=¢4n—1)
Case 1: When k is positive o
f{v;‘_j}:aﬂ:—[zl('lﬂ—(ﬁ—l]+jl lesksn—21<j< @n —(2k-1)) f[iﬂkj):3ﬂ:+2(4n—[2i—1])+j,2£k5n—2,1£}'£[4n—[2k—1}]
At vy, 2=k =n—2,1<j < (4n—(2k —2) =
|F(viy) = F(vagn )] = Atvg.2<ksn—-21%j< (4n—(2k—1))
. . When J is even
(3’ -Z(q-n-(zf-ﬁ +) - (3 —Z(fl-n—(2:'—1]+j+1]] =1 |f'[1faj-]' —f{b‘m;m}__

i=1 i=1 (3?‘1: +Z{+n _ ':2; _ 1:] +_,I':]:])
_ =1
—(3n= +Z{+n -Qi-D+5+ 1]])
i=1

When j is odd

=1
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f (%‘)‘f (”ik-ﬂiﬂﬂ)‘

= (3RZ+Z(411—[2L—1J+})

=1

—((3n9+2(4n—(25—1]+}+1) =(4n-2(k-1))

i=1

|efv;ﬁ-(1) —e L--ﬁ-.:u-}‘ =1
Aty _qy;.25j<4n—2

F(vens) = Fongen)| = 1Bn* + ) - BrP +j+ 1)l =1
When j is even

[F(vi) = Floege) = 1G04 = G + (=1 - 1)|= (4~ 2)
When j is odd

[F(v4;) = F(o=p;)| = 13n* = (4n= 1) +)) = (30" +)| = (4n- 1)
|eﬁ*‘-:—=3;‘(1) B ef”-:—-.:-j'i[’3| =1

Case 3: Wheni =1 — 1,

n-1

Flvpeg;) = 302 —2(471— (2i-1)+2+4j,1<j< (2n+1)
i=1

f(v':n—l}l:2n+2}) =2Zn+12

F(Va-nneny) =2n+3

At Vip—n)j 1 =< 2n

)Tt

(3n2 _2(4” -(i-1))+24 j) -3

il

n-1

—Z(4n—(2i—1])+2+}'+1
i=1
When j is even

70 = Floag-0)] =

=1

n-1
(3n2 _2(4”_ (2i- 1]]+2.+j)— )

i=1

:(Sn? —Z(4n—(2i—1]]+2—j)

i=1
When j is odd
|f (”(n-ﬂ)) ~f (”.:n-:)(;+1)_)1|

(3112 —Z(m -(2A-1))+2+4 j)

i=1
‘(3”2‘2(4”‘(2L—1)]+2+j+1)
i=1

|ef”u:n—-:nj (1) —ef L‘.:n--_:u-"itb?l'| =1
Case 4: Wheni = 1
f(vuep)=2/-L1<j<n
f[”n(:j—ﬂ) =2j,1Zj<n

=ntl
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f(Vnzns1) =2n+1

when j is even

|f[:yn(2j}) _f[vn[ﬁ—l}” = |2}I —1- Zjl =1

|f[”m::j)) ‘f[”m::;+1))| = |f[vn(2j)) ‘f[”m::(;+1;)—13)| =l -1-2(+1)|=3
oFiey (0 = i, @] = 0

When j is odd

f(”mjzj—l)) - f(”(n-l)?}) =

2- (3n2 —Z[am— (2i- 1))+2+2j)

i=1

= (3n2 —Z(cm— (2i-1)) +2)

i=1

lof s D= F

Pind{z+1)

{[]]| =lLl=zjzn-1

Pln)(zr+2

Case 5:Wheni= — (n— 1)

f[v.;_.:n_m}-) =3n’ + Z[Jm— (2i—1)+j,1<j<2n+1

i=1

f[:'”.;—(n—ﬂ)(:n+ :)) =3n’ + Z (4n—(2i—1))+2n+3

i=1
7

k

Fitmmtnianen) = 38 + ) (4n= (2i= 1))+ 2n+2
i=1

At Vi (n—1)) 1=<j=<2n

o)1 (”n:-ucn-gg§;-+13)|
3t +Z(4n -(2i-1)+ j)

i:ﬂl

|3+ [4n—(2i—1]]+j+1)=1
L
When j is even
|f (”'i-in-l))j) -f (v‘:-in));;)‘_-}))‘
=3t (4n—(2i—1)]+])
( H['le
—(3n1+Z(4n—(z;—1j)+1+1)) =n+4
i=1
When j is odd
() - f (”i-in-i)g(fm)n
= (Sn:-I-Z(ﬁln—(ZL—l])ﬂ)
—(3n:+2[4n—[2L—1]]+}+1]) =n+4
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|e,1';_|:n_:jj(1j - ef”—ujn—:)j':fﬂ" =1
Case 6: Wheni = —mn
n-1
Fv(eny) = 30° +z(4n—(2i—m+ 1+(2j-1),1<j<n
i=1
n—1

f(v,:_n}“}._lj) = 3n? +Z[4n -(Ri-1))+1+2j,1<j<n
i=1

f(v':—n}jll:2n+1)) =6n’ —2n

At Vi nyzi

|f(v':-u)2j) - f[.y(-{n))(ij-ijl)

(3n2 +Z(4n— (Qi-1)+14(2- 1))

i=1

_(3n3+2[4n—[2i—1]]+1+2})

i=1

=1

o) = Pl = o) = Feen-o)

= 3n2+Z(4n—(Zi—1]]+1+(2j—1]

=3

—(3n2+Z(4n—(ZL—1)j+1+2(}+1])

‘eﬁ'(—n)ﬂ(lj N ef”i—-‘lfm.f':D}| -0

AtV n)zj-1) 2 ST =1
tato)= )|

(311? +Z[4n— (2i-1))41+ 2}))

—(znf+2(4n—(zl—1)] +14 (2}'—1))

=1

|f [”(-n)g:;--ly) i [”(—n):u—l)n
n-1
(3n2 +Z(4n— (2i-1)+ 1+z})

i=1
n-1

—(3n1+2(4n—(zl—1]j+ 14+2(-1)- 1)
[ R

n-1

(3nf+Z(4n—(zL—1))+1+z}))
~| 3+ (411—[2:'—1])4—21)
)

=3

=lnt4
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Fig 2: Honeycomb network HC(3)

At each vertex v € HC(n), lef, (1) —ef, (0)] = 1. Hence
any honeycomb network is a neighborhood graph.

Theorem 2: Any grid M (1 X 1) is neighbourhood
difference cordial graph.

Let V = {v, .15, V3, oo, Yy ¥

Define f:V — {1.2.3.....mn}
floy)=(G-Dn+jl1<i=m,1<j<n
Case 1:

Aty , e,ﬂ,d_‘_[lj =1 and

efo,. (0) = 1: [ef, (D)—ef, (@)]=0.
Case 2:

At vy, ,efv‘_n[lj =1 and

efoy (0) = Li [ef, (1) —ef, (0)]=0.
Case 3:

At ¥y ,ef, (1)=1 and

Ef;.m‘_ [ﬂ] =1.- |efym‘ (1)—e . [:l]j| =10.
Case 4:

At Uy, ef, (1) =1 and

ef, (0)=1.lef, (1)-ef, (0)|=0.
Case 5:

Atvy; 2=j=n—1

|f[:”1j) - f[”i-ﬁj+1})| =lj-0+1l=1
|f[:”1j) - f(”l{j—i}” =li-@-Dl=1
|f(vy;) = F(w)| =i = G+m)l =mn
Atvy, ef, (1) =2 and

ef,;(0) =12 ‘EJ"L._J.-(U —ef, (0)|=1.
Case 6:
Atv,; 2=j=n—1

|f(vm_;l') _f(vm(j+1})| = |(Em_ 1:]T1+}] - U +1+ (m - Dnjl =1
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|f(vmj) _f(vm(j-l}ﬂ =
ALY, Efrmj.ﬂl] =2 and

ef;,-mj- (0) =1~ ‘ef;,‘_j_(lj — ef;‘-_j (ﬂ]‘ =1
Case 7:
Atvy 2=i=m—1

[f (@)= F(#peys )| = (= Dn+ 1) = (14 (i = 2)n) [ ==

|ﬂ”z‘1]_f[1’(e+1}1,)| =l((i—-n+1)-(1+@Dn)l=n
lflvy) —flvdl=1(({-Dn+1) -2+ (E-n)l=1

AtV ef, (1)=1 and

ef,, (0) =2~ |eﬂ,[‘_.(1] —e,ﬁ:l_.__(o)| =1
Case 8:

Atv, 2=i=m-—1

|f(vm] _f[”:'(n—1))| =[(i-Un+n)-(n-1+(G-1n)|=1
|f(”:'nj _f[:”(:'+1)n)| =l(i-1n+n)—(n+(n)l=n
[f (@) = F(vepye)| = [(i— Dntn) — (n+ (i —2)m)| =n
AtV ef, (1)=1 and

efy,, (0) = 2: |ef, (1) —ef, (0)]=1
Case 9:

Ati?i}-JEEiEm—l,

2=j=n-1

|f(vy) -

[ i(j- 1})|= ((1_1j"+jj U_l‘l'(;_l)ﬂjl_l
I((

|ﬂ: :_;l) ( lz+1}}) = ( - 1]“"’1] U +(L]n:]| =n

[F(vi) = F(vepy) = (G =D+ ) = G+ (- 2m)l =
‘f(pij - [:ilj'l'l:l)‘ ((L_ljn-l'f] (}‘|‘1+(L—1)ﬂ]|—1
Atv;;, eflr‘i_.—' (1) =2 and

efi(0) = 2. |ef, (1) —ef, (0)] = 0

By the above labeling, at each vertex

v ,lef, (1) —ef,(0)] = 1. Hence grid is a neighborhood
difference cordial graph.

16 17 18 19 20
1 12 13 14 15
6 7 8 9 10
| 2 3 4

Fig 3: Grid My,
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|((m— 1)n+ )= (j— 1 + (m— 1)n)| Eneorem 3: Anybutterfly network BF () is neighborhood

difference cordial graph.

Proof

The butterfly network has (1 + 1) 2™ vertices and nn 2™+
edges.

Let V= {_1:"1.- 1:":_ - 'l:-';l-_;
Define f:V — {1,2,3, ...,

f[”i;‘) =

(n+1)2"}

(m+DG-D+E+10=Zi<sn,1<j=2™
The edge connecting the vertices v;; and

Viie1);- 0 = = 1 — 1 are straight edges and other

edges are cross edges. By the above labeling the stright edges
are labeled with 1 and cross edges are not labeled with 1. At

each vertices 17, the no of stright edges and cross edges are
equal. Therefore at each vertex

v E V(G)lef,(1) — ef,(0)] = 0. Hence butterfly
network is a neighborhood differential cordial graph.

<

9 13 17 2 %

Ny

1 5

Fig 4: Butter fly network BF(3)
Theorem 4: Any benes network is a neighbourhood
difference cordial graph.
Proof:

The n dimentional benes network has (27 + 1)2™ vertices

and 1 2™ % edges. In level O and level 1t — 1, vertices are
of degree 2 and in other levels, vertices are of degree 4.

Let V = {vy . vy vg o, v}
Define f:V — {1,2,3,..., (2n + 1)27}
flvy)=C@n+D)(G-1D+(+1),0=i=2n1 <52

Proof: The proof is similar to butterfly network.
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Fig 5: Benes network BE(3)

From the above labeling the bene network is a neighborhood
difference cordial graph.

CONCLUSION

In this paper we proved that honey comb network, grid,
butterfly network and benes network are neighbourhood
difference cordial graph.
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